Applications of boundary element method (BEM) to piezoelectric composites in conjunction with micromechanics models for determining their effective material properties are discussed in this paper. The composites considered here consist of inclusion and matrix phases. The micromechanics method gives out formulas for overall material constants as functions of concentration matrix, while the boundary element simulation presents numerical solutions of boundary displacement and electric potential (DEP) for inclusion or hole problems, and thus numerical solutions of concentration matrix. Numerical results for a piezoelectric plate with circular inclusions are presented to illustrate the application of the proposed micromechanics-BE formulation.
and simply, in matrix form
where σ ε ij ij j j D E , , and are stress, strain, electric displacement, and electric field respectively, c ij is elastic stiffness, f ij elastic compliance, e ij and p ij are piezoelectric constants, κ ij and β ij dielectric permittivity, F=C -1 , and
,
with u i being elastic displacement and φ the electric potential.
The representative volume element
In our analysis, a representative volume element (RVE) Ω is chosen so as to be statistically representative of the two-phase composite. In particular, the characteristic size of the heterogeneities is supposed to be small with respect to the dimension of the RVE, which in turn is supposed to be small compared to the wavelength of the macroscopic structure.
In order to understand the key point of the homogenization procedure, let us consider a RVE consisting of the matrix material and inclusion phase(see Fig. 1 
where Ω is the domain of the RVE and V is its volume. Similarly, the volume average of SEF i Z in a RVE is defined by
The effective properties represented by effective stiffness * ij C or compliancy * ij F of the piezoelectric composites can be defined by the average SED and SEF as
Then an explicit form of the effective stiffness components can be evaluated as below.
Micromechanics model
The micromechanics method for a composite with defects has been discussed elsewhere [2, 11] . For the reader's convenience we describe the method here briefly.
For piezoelectric materials with inclusions or microcavities, t he micromechanics theory may be established based on some fundamental results in the theory of two-phase linear piezoelectric media. In the case of two-phase materials, the volume average of SED and SEF tensors is defined by
where superscripts (1) and (2) denote the matrix and inclusion phases, 
we have
in which the symmetric tensors A (2) and B (2) are defined by the linear relations
with Z 0 and Π 0 being remote SEF and SED fields applied on the effective medium.
The interpretation of ) 2 ( Z in Eq. (11) follows from the average strain theorem [12 ] (12) where Ω 2 and ? Ω 2 are the total volume and boundary of the inclusion or void, H(i) is the Heaviside step function, n={n 1 ,n 2 ,0}
T is the normal local to inclusion surface, and 
We consider now the case when inclusions become voids which are thought of as being filled with air. This implies that . , 0
Thus we assume C
=0, where C (2) stands for stiffness constants of the void-phase. Then Eq.(10) become ) (
where I is the unit tensor and B (0) is defined by
Therefore, the estimation of integral (12) and thus, A (2) is the key to predicting the effective electroelastic moduli * C . The calculation of integral (12) through use of boundary element method is the subject of subsequent section.
Boundary element equations
In this section, a two domain boundary element model is introduced for DEP and SED on the boundary of each domain. The two subdomains are separated by the interfaces between fiber and matrix (see Fig. 1 ). Each subdomain can be separately modelled by a direct BEM. A global assembly of the boundary element subdomains is then performed by enforcing continuity of the DEP and SED at the subdomain interface. 6 In two-dimensional piezoelectric composite, the BE formulation takes the form
where the superscript (α) stands for the quantity associated with the αth phase, (α=1 being matrix and α=2 being fiber), denote the electric potential and surface charge at x due to an unit electric charge at ξ. These fundamental solutions are well-documented in the literature and can be found in [13] .
To obtain a weak solution of equation (16) 
S
is divided into a series of boundary elements. After performing discretization using various kinds of boundary element (e.g., constant element, linear element, higher-order element) and collecting the unknown terms to the left-hand side and the known terms to the right-hand side, as well as using continuity conditions at the interface S (Fig. 2b) , the boundary integral equation (16) becomes a set of linear algebraic equations:
where Y and P are the total unknown and known vectors, respectively, and A is a known coefficient matrix.
When the fiber in Fig. 1a becomes a hole, the boundary integral equation (16) along the boundary S (Fig. 1b) .
Algorithms for self-consistent and Mori-Tanaka approaches

Self-consistent BEM approach.
As stated in [4, 9] , in the self-consistent method, for each inclusion (or hole), the effect of inclusion (or hole) interaction is taken into account approximately by embedded each inclusion (or hole) in the effective medium whose properties are unknown. In this case, the material constants appeared in the boundary element formulation (16) are unknown. A set of initial trial values of the effective properties is, consequently, needed and an iteration algorithm is required. The algorithm is described in detail below. 
, where ε is a convergent tolerance, terminate the iteration; otherwise take * ) (i C as the initial value and go to step (b).
Mori-Tanaka-BEM approach
The key assumption in the Mori-Tanaka theory [8, 11] is that the concentration , is just for distinction with A (2) in Section 2) is given by the solution for a single inclusion (or void) embedded in an intact solid subject to an applied strain field equal to the as yet unknown average field in the composite, which means that the introduction of inclusions in the composite results in a value of
is the concentration matrix related to the dilute model, which can be calculated by way of Eqs. (11), (12) and (16). In this case, the material constants appeared in the boundary element formulation (16) are all known. As such, it is easy to prove that [4, 11] 
It can be seen from Eq. ( 22) that the Mori-Tanaka approach provides explicit expressions for effective constants of defective piezoelectric solid. Therefore, no iteration is required with Mori-Tanaka-BE method.
Numerical results
As a numerical illustration of the proposed approach, the example of a square RVE with a circular rigid insulating fiber was analyzed. The matrix used in the present example is chosen to be BaTiO3 and its material constants are as follows [9] : 
